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Abstract. In this paper we show that strong generalizations of the measurable Livsˇic
theorem for cocycles taking values in connected non-compact linear semisimple Lie
groups, a canonical example being SL.2;R/, can be deduced from an elegant approach
of Brin and Pesin to the dynamics of partially hyperbolic systems.
1. Introduction
Let T V M ! M be a transitive Anosov diffeomorphism of a compact Riemannian
manifold and let  be a T -invariant probability measure which is equivalent to Lebesgue
measure. Let g V M ! G be a C1 function taking values in a finite-dimensional connected
matrix Lie groupG with norm kk and metric d . If G is a matrix group then we define the
norm of A 2 G by kAk2 D Trace.A NAt/ for A 2 G.
In this paper we are interested in measurable solutions h V M ! G to the equation
h.T x/ D g.x/h.x/;  a.e. (1.1)
In this context we say that h is a coboundary for g. In particular, we are interested
in conditions under which a measurable coboundary h must have a Ho¨lder continuous
version h0 such that h D h0  a.e.
Livsˇic [9] (see also [6, 8, 12, 16]) studied the corresponding equation for a continuous
real-valued cocycle satisfying a Dini property over a transitive Anosov diffeomorphism
preserving a smooth measure. He showed that a measurable solution h to equation (1.1)
has a continuous version.
Quas [17] proved analogous results for essentially bounded, real-valued coboundaries of
continuous cocycles g where the base dynamics was a locally eventually onto continuous
map or a minimal system, such as an irrational rotation of S1.
Nicol and Pollicott [10] extended this result to continuous cocycles taking values in
Lie groups with non-positive sectional curvature (and the same assumptions on the base
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dynamics). They also showed that essentially bounded measurable cocycles taking values
in subgroups of GL.n;R/ (with base dynamics a transitive C1 Anosov diffeomorphism
equipped with a measure equivalent to Lebesgue) are continuous. This paper (using a very
different technique) removes the essentially bounded assumption—if a pinching condition
on g and a smooth measure in the base are assumed.
HYPOTHESIS 1. Assume that G satisfies the condition that there exist two cocompact
lattices 0;00 (i.e. G=0 and G=00 are compact homogeneous spaces) such that
0 \ 00 D feg.
This property holds forG D Rn; SL.2;R/, and, more generally, connected noncompact
linear semisimple Lie groups. The proof of this fact, suggested to us by S. Mozes and
S. G. Dani, is given in Appendix A. It is false, however, in the case of the Heisenberg
group.
We recall that a diffeomorphism f of a compact Riemannian manifold M is Anosov if
there exists a Df -invariant splitting TM D Eu  Es , C > 0 and 0 <  < 1 such that
kDf n.v/k  Cnkvk; for v 2 Es
and
kDf −n.v/k  Cnkvk; for v 2 Eu;
where n  0. We assume that T is Anosov, transitive and has an invariant measure 
which is equivalent to Lebesgue.
Recall that the adjoint map Ad V G ! Aut.LG/ is the automorphism of the Lie algebra
LG defined so that Ad.g/ is the derivative of conjugation by g 2 G.
HYPOTHESIS 2. We assume that g V M ! G satisfies the pinching condition:  <
kAd.g.x//k < 1= for all x 2 M .
This property ensures that the group extension is a partially hyperbolic dynamical
system (see Definition 2.1).
Our main result is the following.
THEOREM 1.1. IfG is a connected non-compact semisimple Lie group and for all x 2 M
 < kAd.g.x//k < 1

then any measurable solution h V M ! G to equation (1.1) must be equal to a Ho¨lder
continuous function a.e.
COROLLARY 1.2. If g V M ! SL.2;R/ and for all x 2 M
 < kAd.g.x//k < 1

then any measurable solution h V M ! SL.2;R/ to the equation (1.1) must be equal to a
Ho¨lder continuous function  a.e.
The following result of Nit¸icaˇ and To¨ro¨k [11, Theorem 4, p. 9] strengthens the regularity
of h.x/ in equation (1.1).
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PROPOSITION 1.3. If g V M ! G is Ck and h is a continuous solution to equation 1.1
then h is Ck−1.
Combined with Theorem 1.1 this has the following corollary.
COROLLARY 1.4. If G satisfies Hypothesis 1 and g is Ck and satisfies Hypothesis 2 then
any measurable solution h V M ! G to equation (1.1) must be equal to a Ck−1 function
 a.e. In particular, if g is C1, then h has a C1 version  a.e.
We shall base our proof of the theorem on Brin and Pesin’s analysis of partially
hyperbolic diffeomorphisms on compact manifolds [2] and Brin’s work [1] on frame flows.
In §2 we review these results on partially hyperbolic systems, which are a generalization
of the classical theory of Anosov systems. In §3 we prove our main result.
2. Partially hyperbolic systems
Suppose that T V M ! M is a transitive Anosov diffeomorphism of a compact Riemannian
manifold preserving a smooth invariant measure .
There is a well known theory concerning the properties of stable and unstable manifolds
defined by
Ws.x/ VD fy V d.T n.x/; T n.y// ! 0 as n ! 1g
Wu.x/ VD fy V d.T n.x/; T n.y// ! 0 as n ! −1g:
In particular, for each x 2 M , there areC1 immersed submanifoldsWu.x/;Ws.x/  M
with TxWs.x/ D Esx and TxWu.x/ D Eux .
Definition 2.1. We say OT V N ! N is a partially hyperbolic diffeomorphism of a compact
Riemannian manifold N if there is a splitting TN D Eu  Es  E0 and constants C > 0
and ; 1; 2 satisfying
0 <  < 1 < 1 < 2 <
1

and such that kD OT njEsk  Cn, kD OT −njEuk  Cn and Cn1  kD OT njE0k  Cn2 for
n  0 (where kk is the norm on TN).
We shall be interested in partially hyperbolic diffeomorphisms which arise as
homogeneous extensions of Anosov diffeomorphisms of a compact Riemannian manifold
M satisfying kD OT njEsk  Cn, kD OT −njEuk  Cn for all n  0. Suppose that 0 is a
cocompact lattice of G. Then H VD G=0 is a compact homogeneous space with a left
invariant Haar measure .
We consider the compact manifold N D M  H and the diffeomorphism OT V N ! N
given by OT .x; h0/ D .T x; g.x/h0/, which preserves the measure O D  .
We assume that the cocycle g satisfies
1  kAd.g.x//k  2 (2.1)
for all x 2 M where  < 1 < 1 < 2 < 1= (where kk is, with abuse of notation, the
operator norm of Ad.g/ V LG ! LG). Under these assumptions OT V N ! N is a C1
partially hyperbolic diffeomorphism.
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The following result extends the familiar results on stable and unstable manifolds for
Anosov diffeomorphisms to the context of partially hyperbolic diffeomorphisms.
PROPOSITION 2.2. (Brin and Pesin [2], Hirsch et al. [4]) (i) Let OT V N ! N be a C1
partially hyperbolic diffeomorphism. For each z 2 N there are C1 immersed stable
and unstable submanifolds Ws.z/, Wu.z/, and a center submanifold W0.z/  M with
TzW
s.z/ D Esz , TzWu.z/ D Euz and TzW 0.x/ D E0z .
(ii) The foliations fWs.z/g, fWu.z/g and fW 0.z/g are each Ho¨lder continuous.
Remark 2.3. In general the foliations may have only Ho¨lder regularity, even though OT is
C1 [7].
PROPOSITION 2.4. (Brin [1, p. 170]) Let OT V N ! N be a C1 partially hyperbolic
diffeomorphism preserving a measure O equivalent to Lebesgue and suppose that A  N
is OT invariant. Then A consists up to a set of O measure zero .mod 0/, of the union of
stable and unstable manifolds for OT .
3. Proof of Theorem 1.1
Since G satisfies Hypothesis 1 we may choose discrete subgroups 0;00 < G satisfying
the conditions of Hypothesis 1. Note that by assumption G=0;G=00 are compact
homogeneous spaces.
Define H VD G=0. We now consider the compact manifold N D M  H and the
diffeomorphism OT V N ! N given by OT .x; g0/ D .T x; g.x/g0/. For ease of notation we
will write .x; g0/ as .x; g/. Note that the Haar measure on G (see [3]) induces a measure
0 onG=0, an induced metric which we will write as dH and that OT .x; g/ D .T x; g.x/g/
preserves   0 . We will use the notation dM to refer to the metric in the base M .
The measurable map h V M ! G induces a measurable map h V M ! H (we will use the
same notation for both maps when it is clear which is meant).
Given g 2 G, define the measurable sets
3g D f.x; h.x/g/ V x 2 Mg  M H:
Each set 3g is invariant under the skew product
OT V M H ! M H
OT .x; g/ D .T x; g.x/g/:
This is clear since
OT .x; h.x/g/ D .T x; g.x/h.x/g/ D .T x; h.T x/g/;
as h.T x/ D g.x/h.x/  a.e.
Given small  > 0, let U./ be a neighborhood of the coset of the identity element in
H of diameter equal to  in the induced metric.
Consider the set 3U./ D f3g V g 2 U./g. Note that . 0/.3U.// > 0 and 3U./
is measurable with respect to the ergodic decomposition of OT . Thus by [1, p. 170] the set
3U./ consists up to a set of measure zero of entire stable and unstable manifolds for OT .
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Without loss of generality, by adding or removing a set of zero measure, we can assume
that3U./ is simply a union of stable and unstable manifolds.
By Proposition 2.2(ii) the foliations of M  H into stable fWs.x; γ /g and unstable
fWu.x; γ /g manifolds are Ho¨lder continuous for some Ho¨lder exponent ( say) and
Ho¨lder constant (C say). This means that for any .x; g/ 2 M  H there is a Ho¨lder
continuous map5sx V Ws.x/ ! Ws.x; g/, and similarly there is a Ho¨lder continuous map
5ux V Wu.x/ ! Wu.x; g/.
It is a standard result [5] that there exists 0 > 0 such that if dM.x; y/ < 0 then there
exists a unique point x 0 2 M with Ws.x/ \ Wu.y/ D fx 0g, i.e. there is a ‘local product
structure’.
Consider those x; y 2 M for which h.x/ and h.y/ are well defined and suppose that
dM.x; y/ D  < 0. Since we know that Ws.x; h.x/γ /  3U./, the above result
on the Ho¨lder nature of the foliations shows that there exists γ 0 D γ 0.x 0/ 2 H such
that .x 0; h.x 0/γ 0/ 2 Ws.x; h.x/γ /. Similarly, there exists γ 00 D γ 00.y/ 2 H such that
.y; h.y/γ 00/ 2 Wu.x 0; h.x 0/γ 0/.
Since the foliations Ws.x; γ / and Wu.x; γ / are C1 immersed submanifolds which are
Ho¨lder continuous in .x; γ /, we can use the triangle inequality to estimate
d..x; h.x/γ /; .y; h.y/γ 00// < CdM.x; y/ < C:
By the triangle inequality
dH .h.x/; h.y//  dH .h.x/; h.x/γ /C dH .h.x/γ; h.y/γ 00/C dH .h.y/γ 00; h.y//:
Moreover, since the map γ 7! f .γ / VD supg2H dH .g; gγ / is continuous, for any  > 0
we can assume  was chosen sufficiently small that f .γ / <  if γ 2 U./. In particular,
we conclude that dH .h.x/; h.y//  2 C C . Since  is arbitrary, we see that x 7! h.x/
is continuous (in fact Ho¨lder continuous).
We wish to conclude the continuity of h V M ! G, rather than h V M ! H .
We will denote by Nh.x/ the value of h V M ! G and hH .x/ the possible values (in G) of
h V M ! H , i.e. hH .x/ D f Nh.x/γ V γ 2 0g is a multivalued function with continuous
branches and h.x/ 2 hH .x/. It remains to show that h.x/ which, a priori, could change
branches in a measurable way does, in fact, involve a single constant choice.
Now we can use Hypothesis 2 and the second cocompact lattice 00. DefineH 0 VD G=00
and repeat the construction given above.
Note that by Hypothesis 1 the sets hH .x/ D f Nh.x/γ V γ 2 0g and hH 0.x/ D f Nh.x/γ 0 V
γ 0 2 00g have intersection only when γ D γ 0 D e. Thus there is a well-defined solution
h.x/ which, by local considerations, is Ho¨lder continuous.
4. Related results
It is interesting to ask whether the generalization of this result holds for the identity
h.T x/f .x/ D h.x/g.x/;  a.e. (4.1)
In this case we say that f and g are cohomologous via h. In fact h induces a conjugacy
between extensions with cocycles f and g, respectively, which preserves the fibreG.
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A positive answer to this question would imply that a measurable conjugacy (which
preserves the fibre) between extensions with cocycles f and g, respectively, is necessarily
continuous.
However, Walkden [20] has shown that if G is non-connected and non-compact then
there exist smooth cocycles f , g which are cohomologous via a measurable cobounding
function h which has no continuous version.
In the context of cohomologous cocycles f , g we may arrange that h is C0 but not C .
However, in the case of a coboundary if g.x/ D h.T x/h.x/−1 then h has a Ck−1 version
if g is Ck .
Consider a linear hyperbolic toral automorphism T V R4=Z4 ! R4=Z4 defined by a
matrix of the form 
A 0
0 B

2 SL.4;Z/
where A;B 2 SL.2;Z/.
By structural stability, we know that for any nearby diffeomorphism S V R4=Z4 !
R
4=Z4 there exists a unique conjugating homeomorphism  V R4=Z4 ! R4=Z4 (i.e.
T   D   S).
We can assume that S is of the form S.x; y/ D .Ax;By C v.x//, where Bv D v,
v is the maximal eigenvector and  V R4=Z4 ! R is some C1 function, sufficiently
small in the C0 topology to ensure the existence of a unique conjugating homeomorphism.
The conjugacy takes the form .x; y/ D .x; y C  .x/v/. In particular,  .x/ satisfies
 .x/−  .Ax/ D .x/:
An argument based on Fourier series similar to that given by de la Llave [7, Theorem 6.3]
shows that given  we may choose A and B so that  is C1 but not C1C.
Thus the conjugating homeomorphism is differentiable (with derivative D) and we
can clearly differentiate the conjugating identity to write
.DT /    .D/ D .D/  S  .DS/:
Since T is linear, we have that DT is constant on R4=Z4 and thus .DT /   D DT , and
so if we define
g D DT V R4=Z4 ! SL.4;R/
h D D V R4=Z4 ! SL.4;R/
and
f D DT V R4=Z4 ! GL.4;R/
then
g.x/h.x/ D h.Sx/f .x/
where h.x/ is continuous but not C .
We can hope to replace the hypothesis that there exists a measurable solution h.x/ by
an intrinsic property of f . Let G have metric d . Let .T ;X;/ be a mixing subshift of
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finite type. We call d a Lipschitz metric if G is complete with respect to d and if there
exists for every g 2 G a constant g such that the following condition holds:
1
g
 minfd.gh; gh0/; d.hg; h0g/g
 maxfd.gh; gh0/; d.hg; h0g/g  gd.h; h0/
for all h; h0 2 G. We call a group Lipschitz if there exists a Lipschitz metric onG. If .G; d/
is a Lipschitz group then we define the distortion of g by
ag VD inffg  1 V g satisfies the condition above for all h; h0 2 Gg:
We say that a cocycle f has bounded distortion if there exists a constant c  1 with
.f .T
nx/ : : : f .x//  c for − a.e. x 2 X and every n 2 Z.
In this context we mention the following proposition due to Schmidt [19].
PROPOSITION 4.1. Let f V X 7−! G D GL.n;C/ be a Borel map such that f V ZX 7−!
G has bounded distortion with respect to the natural metric. Then f is cohomologous to a
Borel map g V X 7−! U.n/.
There are many open questions to consider. Is it possible to have a cocycle g which does
not satisfy the pinching condition taking values in a semisimple Lie group which satisfies
g.x/ D h.T x/h.x/−1 for a measurable but not continuous cobounding function h?
One may also ask if Theorem 1.1 holds if the base transformation is an Axiom A
diffeomorphism equipped with a Gibbs measure. If Proposition 2.4 can be extended to
Axiom A base transformations with Gibbs measures then our main theorem does as well.
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A. Appendix. Some groups which satisfy Hypothesis 1
We begin by recalling a result of A. Borel which guarantees the existence of cocompact
lattices.
PROPOSITION A.1. ((Borel) [18, Ch. 14]) Let eM be a non-compact symmetric space, then
it admits a lattice 0 with compact quotient.
S. Mozes and S. G. Dani have suggested the following approach to checking which
groups satisfy Hypothesis 1. Recall that any proper subgroup of G has dimension strictly
less than G.
Using Borel’s theorem with G D eM , choose any cocompact lattice 0. Suppose 0 D
fγ1; : : : ; γn; : : : g is an enumeration of this lattice. Let Ai;j D fγ 2 G V γ γiγ−1 D γj g and
let CG.γi/ denote the centralizer of γi (in the groupG). Note that the dimension of CG.γi/
is strictly less than that ofG, for each i, since CG.γi/ is a proper subgroup of G.
We claim that Ai;j D t−1i;j CG.γi/ for some ti;j 2 G. Suppose that Ai;j 6D ; and
observe that Aj;i D fγ−1 V γ 2 Ai;j g 6D ;. Fix an element ti;j 2 Aj;i and let γ 2 Ai;j .
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Note that .ti;j γ /γi.ti;j γ /−1 D ti;j γj t−1i;j D γi and hence tij γ 2 C.γi/. Hence we see that
γ 2 t−1i;j C.γi/, and our claim follows.
The union C VD [1i;jAi;j consists of all elements in G which conjugate at least one
element in 0 to another. Since this is a countable union, C again has dimension strictly
less than that of G.
Fix an element g 2 G − C, then the subgroup 00 D g−10g is a cocompact lattice.
Furthermore, by construction 0 and 00 satisfy Hypothesis 1.
S. G. Dani has made the observation that if the group has a finite centre then the above
argument works for lattices containing no non-trivial central elements. Since in a linear
semisimple Lie group any lattice contains a subgroup of finite index which is torsion-free
(and hence has trivial intersection with the centre), there are always cocompact lattices with
trivial intersection with the centre [18, Corollary 6.13, Theorem 6.15 and Remark 6.18].
Thus all linear semisimple Lie groups satisfy Hypothesis 1.
Unfortunately, this argument fails in the case of the Heisenberg group. Any lattice in
a connected linear semisimple Lie group contains a subgroup of finite index in the centre
[18, Corollary 5.17]. Hence this will also be true of the intersection of two lattices. Thus if
the centre of the group is infinite then the intersection of two lattices cannot be trivial. The
Heisenberg group has an infinite centre so the intersection of two cocompact lattices in the
Heisenberg group must contain more than the identity element.
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